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We study parametric instability of compact axion dark matter structures decaying to radiopho-
tons. Corresponding objects — Bose (axion) stars, their clusters, and clouds of diffuse axions —
form abundantly in the postinflationary Peccei-Quinn scenario. We develop general description of
parametric resonance incorporating finite-volume effects, backreaction, axion velocities and their
(in)coherence. With additional coarse-graining, our formalism reproduces kinetic equation for viri-
alized axions interacting with photons. We derive conditions for the parametric instability in each
of the above objects, as well as in collapsing axion stars, evaluate photon resonance modes and
their growth exponents. As a by-product, we calculate stimulated emission of Bose stars and diffuse
axions, arguing that the former can give larger contribution into the radiobackground. In the case
of QCD axions, the Bose stars glow and collapsing stars radioburst if the axion-photon coupling
exceeds the original KSVZ value by two orders of magnitude. The latter constraint is alleviated for
several nearby axion stars in resonance and absent for axion-like particles. Our results show that
the parametric effect may reveal itself in observations, from FRB to excess radiobackground.
I. INTRODUCTION
The QCD axion [1] and similar particles [2] are perfect
dark matter candidates [3, 4]: they are motivated [5, 6]
and have tiny interactions [7], including coupling to
the electromagnetic field. But the same interactions —
alas — make the axions “invisible” dictating overly pre-
cise detection measurements [8, 9] and limiting possible
observational effects [10–12].
Nevertheless, under certain conditions an avalanche of
exponentially growing photon number nγ ∝ exp{2µ∞t}
can appear in the axionic medium [13], with growth ex-
ponent µ∞ proportional to the axion-photon coupling
and axion field strength. This process is known as para-
metric resonance. It occurs because the axions decay
into photons which stimulate decays of more axions. In
the infinite volume parametric axion-photon conversion
is well understood, but does not occur during cosmolog-
ical evolution of the axion field [14–16]. In compact vol-
ume of size L the avalanche appears if the photon stim-
ulates at least one axion decay as it passes the object
length [13, 17]. This gives order-of-magnitude resonance
condition,
µ∞L & 1 . (1)
Unfortunately, apart from this intuitive estimate and
brute-force numerical computations [18–26], no consis-
tent quantitative theory of axion-photon conversion in
finite-size objects has been developed so far.
In this paper we fill this gap1 with a general, detailed,
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1 This work is based on presentations [27, 28] at the Patras work-
shops where the main equations first appeared.
and usable quasi-stationary approach to parametric res-
onance in a finite volume. Our method works only for
nonrelativistic axions, but accounts for their coherence,
or its absence, axion velocities, binding energy and gravi-
tational redshift, backreaction of photons on axions, and
arbitrary volume shape. In the limit of diffuse axions it
reproduces well-known axion-photon kinetic equation, if
additional coarse-graining is introduced.
Notably, the cosmology of QCD axion [14, 15, 29] pro-
vides rich dark matter structure at small scales [30],
with a host of potentially observable astrophysical im-
plications. Namely, in the postinflationary scenario vi-
olent inhomogeneous evolution of the axion field dur-
ing the QCD epoch [31–35] leads to formation of ax-
ion miniclusters [36–38] — dense objects of typical mass
10−13M forming hierarchically bound structures [39].
In the centers of miniclusters even denser compact ob-
jects, the axion (Bose) stars [40, 41], appear due to grav-
itational kinetic relaxation [42, 43]. Simulations sug-
gest [30, 34, 35, 42, 43] that these objects are abundant
in the Universe, though their present-day mass is still un-
der study [43]. Another example of dense object formed
by the QCD axions is a cloud around the superradiant
black hole [6, 44, 45], see also [46].
Beyond the QCD axion, miniclusters [4] and Bose
stars [47, 48] can be formed by the axion-like particles
at very different length and mass scales.
In this paper we derive precise conditions for paramet-
ric resonance in the isolated axion stars, collapsing stars,
their clusters, and in the clouds of diffuse axions. We find
unstable electromagnetic modes and their growth expo-
nents µ. Contrary to what naive infinite-volume intuition
might suggest, resonance in nonrelativistic compact ob-
jects develops with µ  µ∞. As a result, in many cases
it glows in the stationary regime, burning an infinitesi-
mally small fraction of extra axions at every moment, to
keep the resonance condition marginally broken.
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2Our calculations suggest three interesting scenaria
with different observational outcomes. In the first chain
of events the axion-photon coupling is high and the
threshold for parametric resonance is reached during
growth of axion stars via Bose-Einstein condensation.
Then all condensing axions will be converted into radio-
emission with frequency equal to the axion half-mass.
This paves the way for indirect axion searches.
Second, at somewhat smaller axion-photon coupling,
attractive self-interactions of axions inside the growing
stars may become important before the resonance thresh-
old is reached. As a result, the stars collapse [49–51],
shrink and ignite the instability to photons on the way.
Alternatively, several smaller axion stars may come close,
suddenly meeting the resonance condition [20]. In these
cases a short and powerful burst of radio-emission ap-
pears.
Amusingly, powerful and unexplained Fast Radio
Bursts (FRB) are presently observed in the sky [52]. It is
tempting to relate them to parametric resonance in col-
lapsing axion stars [19] and see if the main characteristics
can be met.
In the third, most conservative scenario all Bose stars
are far away from the parametric resonance. Neverthe-
less, the effect of stimulated emission turns them into
powerful radioamplifyers of ambient radiowaves at the
axion half-mass frequency. We compute amplification co-
efficients for the Bose stars and diffuse axions and find
that realistically, stimulated emission of the stars may
give larger contribution into the radiobackground.
In Sec. II we introduce nonrelativistic approximation
for axions and review essential properties of Bose stars.
General description of parametric resonance in finite vol-
ume is developed in Sec. III. In Sec. IV it is applied to
radio-emission of static axion stars, their pairs, and am-
plification of ambient radiation. In Secs. V and VI we
study resonance in diffuse axions and consider the ef-
fect of moving axions / axion stars, in particular, reso-
nance in collapsing stars. Concluding remarks are given
in Sec. VII.
II. AXION STARS
The diversity of compact objects in axion cosmology
offers many astrophysical settings where the parametric
resonance may be expected. One can consider static Bose
stars, collapsing, moving, or tidally disrupted stars, even
axion miniclusters. To describe all this spectrum in one
go, we implement two important approximations.
First we describe axions by the classical field a(t, x)
satisfying
a+ V ′(a) = 0 . (2)
This is valid at large occupation numbers. Interaction
with the gravitational field in Eq. (2) is hidden in the
covariant derivatives, and the scalar potential
V = m
2
2
a2 − g
2
4m
2
4! f2a
a4 + . . . (3)
includes mass m and quartic coupling (g4m/fa)
2.
Self-interaction of the QCD axion is attractive:
fa ' (75.5 MeV)2/m and g4 ' 0.59 [7]. Axion-like par-
ticles may have g4 ' 0.
Second, we work in nonrelativistic approximation,
a =
fa√
2
[
ψ(t, x) e−imt + h.c.
]
, (4)
where ψ slowly depends on space and time. Namely, if λ
is the typical wavelength of axions,
∂tψ ∼ ψ/mλ2 , ∂xψ ∼ ψ/λ , λm 1 . (5)
In this approximation Eq. (2) reduces to nonlinear
Schro¨dinger equation,
i∂tψ = − ∆
2m
ψ +m
(
Φ− g
2
4
8
|ψ|2
)
ψ , (6)
where Φ is a nonrelativistic gravitational potential solv-
ing the Poisson equation
∆Φ = 4piρ/M2pl , (7)
and ρ = m2f2a |ψ|2 is the mass density of axions.
Note that the method of this paper is applicable only if
both of the above conditions are satisfied: the axions are
nonrelativistic and they have large occupation numbers.
Dark matter axions meet these requirements, except un-
der extreme conditions.
A central object of our study is a Bose (axion) star, a
stationary solution to the Schro¨dinger-Poisson system
ψ = e−iωstψs(r) , Φ = Φs(r), (8)
where ωs < 0 is the binding energy of axions and r is
the radial coordinate. Physically, Eq. (8) describes Bose-
Einstein condensate of axions occupying a ground state
in the collective potential well Φs(r). This object is co-
herent: the complex phase of ψs does not depend on
space and time. Below we consider parametric resonance
in stationary and colliding stars.
Notably, the axion stars with the critical mass
Mcr ' 10.2 faMpl
mg4
(9)
and heavier stars are unstable [50]. In this case attractive
self-interaction in Eq. (6) overcomes the quantum pres-
sure and the star starts to shrink developing huge axion
densities in the center [51]. We will see that this may
trigger explosive parametric instability.
3III. GENERAL FORMALISM
A. Linear theory
In this Section we construct general quasi-stationary
theory for narrow parametric resonance of radiophotons
in the finite volume filled with axions. This technique was
first developed and presented in [27, 28]. In contrast to
the resonance in the infinite volume [14, 15, 41] which uni-
versally leads to the Mathieu equation, the finite-volume
one is described by the eigenvalue problem with a rich
variety of solutions.
Consider Maxwell’s equations2 for the electromagnetic
potential Aµ in the axion background a(t,x),
∂µ
(
Fµν + gaγγaF˜µν
)
= 0 , (10)
where Fµν = ∂µAν − ∂νAµ, F˜µν ≡ µνλρFλρ/2, and gaγγ
is the standard axion-photon coupling. Below we also use
dimensionless coupling g′ ≡ fagaγγ/23/2.
In the infinite volume one describes the resonance in
the plain-wave basis for the electromagnetic field [14, 15,
41], while the axion star suggests spherical decomposi-
tion [20]. We want to develop general formalism, and
simpler at the same time, usable in a large variety of
astrophysical settings.
We therefore introduce two simplifications. First, the
photons travel straight, with light-bending effects be-
ing subdominant in the axion background, cf. [53, 54].
Thus, the parametric resonance develops almost inde-
pendently along different directions. Second, we consider
non-relativistic axions decaying into photons of frequency
ωγ ≈ m/2 with a very narrow spread.
This suggests decomposition in the gauge A0 = 0,
Ai =
∫
dn C
(n)
i (t,x) e
im(nx+t)/2 + h.c. , (11)
where i = {x, y, z} and the integral runs over all unit
vectors n. The amplitudes C
(n)
i include photon fre-
quency spread. Hence, they weakly depend on space and
time,
∂t,x|C(n)i | ∼ λ−1|C(n)i | , λm 1 , (12)
where λ−1 is the typical momentum of axions in Eq. (5).
Using Eq. (11), one finds that in the eikonal limit (12)
the field equation (10) couples only the waves moving in
the opposite, i.e. +n and −n, directions. As a result,
identical and independent equations are produced for ev-
ery pair of directions. This is manifestation of the simple
fact that the axions decay into two back-to-back photons.
2 We disregard gravitational interaction of photons. It will be
restored below.
Indeed, leaving one arbitrary direction z = (nx) and
its counterpart −z, we obtain the ansatz that passes the
field equation [27, 28],
Ai = C
+
i e
im(z+t)/2 + C−i e
im(z−t)/2 + h.c. , (13)
where the shorthand notations C+i (t, x) = C
(n)
i and
C−i (t, x) = [C
(−n)
i ]
∗ are introduced. Namely, substi-
tuting Eq. (13) into Eq. (10) and using approxima-
tions (12), (5), we arrive to the closed system,
∂tC
+
x = ∂zC
+
x + ig
′mψ∗C−y , (14a)
∂tC
−
y = −∂zC−y − ig′mψC+x . (14b)
The other two physical polarizations satisfy the same
equations with C+x → C+y and C−y → −C−x ,
while the longitudinal part is fixed by the Gauss law
C±z = 2i∂αC
±
α /m; here and below α = {x, y}. Overall,
we have four amplitudes C±α representing two photon po-
larizations propagating in the +z and −z directions.
Equations (14) should be solved for every orientation
of z axis, in search for the growing instability modes.
After that the modes can be superimposed in Eq. (11)
or, practically, only the one with the largest exponent
can be kept.
In spherically symmetric Bose star all directions are
equivalent and description simplifies — we have to study
only one direction. Notably, in this case one can derive
Eqs. (14) using spherical decomposition, see Appendix A.
There is a residual hierarchy in Eqs. (14) related to
small axion velocities v ∼ (mλ)−1  1. Indeed, the
nonrelativistic background evolves slowly, ∂tψ ∼ ψ/mλ2,
while the electromagnetic field changes fast, ∂tC ∼ C/λ.
Thus, equations for C can be solved with adiabatic
ansatz,
C±i = e
t∫
µ(t′) dt′ c±i (t, x) , (15)
where the complex exponent µ and quasi-stationary am-
plitudes c±i evolve on the same timescales mλ
2 as ψ. Cor-
rections to the adiabatic evolution (15) become exponen-
tially small as v → 0.
Using representation (15) in Eqs. (14) and ignoring
time derivatives of µ and c±i , we finally obtain the eigen-
value problem [27, 28],
µc+x = ∂zc
+
x + ig
′mψ∗ c−y , (16a)
µc−y = −∂zc−y − ig′mψ c+x , (16b)
where equations for the two remaining amplitudes are
again obtained by c+x → c+y and c−y → −c−x .
If the axions live in a finite region and no electromag-
netic waves come from infinity, one imposes boundary
conditions
c+α
∣∣
z→+∞ = c
−
α
∣∣
z→−∞ = 0 , (17)
see Eq. (13).
4The spectral problem (16) determines the electromag-
netic modes {c+x , c−y } and their growth exponents µ. The
latter are not purely imaginary at ψ 6= 0 because 2 × 2
operator in the right-hand side of Eqs. (16), is not anti-
Hermitean. That is why in certain cases resonance insta-
bilities — modes with Reµ > 0 satisfying the boundary
conditions (17) — appear.
It is worth discussing two parametrically small correc-
tions to Eqs. (14), (16). First, derivatives with respect
to x and y are absent in these systems: they appear only
in the next, (mλ)−1 order, determining the section of the
resonance ray in the (x, y) plane. If needed, they can be
recovered with the substitution
∂z → ∂z − i
m
(∂2x + ∂
2
y) , (18)
to solve the spectral problem in three dimensions.
If the axion distribution is not spherically-symmetric,
one expects that the resonance ray is narrow in the (x, y)
plane.3 Indeed, according to the leading-order equa-
tions (14) electromagnetic field grows with different ex-
ponents µ at different x and y. This means that wide
wave packets shrink around the resonance line until the
quantum pressure (18) becomes relevant.
Second, direct interaction of photons with nonrelativis-
tic gravitational field can be included in Eqs. (14) by
changing4
∂zC
±
α → (∂z + imΦ)C±α . (19)
However, one immediately rotates this contribution away,
C±α → exp{−im
∫ z
dz′ Φ(z′)}C±α , with remaining correc-
tions suppressed by (mλ)−2.
As an illustration, consider static homogeneous axion
field ψ in the infinite volume. Quasi-stationary equations
(16), in this case give ∂zc
±
α = 0 and time-independent
µ = µ∞ of the form
µ∞ = g′m |ψ| > 0 . (20)
Thus, electromagnetic amplitudes in Eq. (15) grow ex-
ponentially with time indicating parametric resonance.
Expression (20) reproduces well-known infinite-volume
growth rate [13–15, 17, 18, 20, 22, 41] of the axion-photon
resonance.
B. Nonlinear stage
Backreaction of photons on axions can be easily incor-
porated in the Schro¨dinger-Poisson system (5). To this
3 Similarly, one can compute narrow resonance rays around every
direction in spherical axion star, and then combine them in (11).
4 Here mΦ accounts for the gravitational evolution of photon four-
momentum.
end one substitutes the nonrelativistic ansatz (4), (13)
into the equation for the axion field,
a+ V ′(a) = −gaγγ
4
Fµν F˜µν , (21)
and omits higher derivatives of ψ and C. This gives,
i∂tψ = −∆ψ
2m
+mΦψ − mg
2
4
8
|ψ|2ψ
− mg
′
f2a
αβ C
−
α C
+∗
β , (22)
where the backreaction is represented by the new term5
in the right-hand side.
Let us show that the last term in the above equa-
tion changes the mass M = m2f2a
∫
d3x |ψ|2 of the axion
cloud. Indeed, taking the time derivative of M and using
Eq. (22), we obtain energy conservation law,
∂tM = Jin −
∫
dxdy Fa→γγ , (23)
where Jin = −mf2a
∫
d2σi Im(ψ∗∂iψ) is the mass of ax-
ions entering the system per unit time and
Fa→γγ = 2m3g′
∫
dz αβ Im(ψ
∗C−α C
+∗
β ) (24)
is the flux of produced photons. Below we will also use
the electromagnetic Poynting fluxes at infinity,
F±γ = ∓m2(|C±x |2 + |C±y |2)/2 . (25)
In conjunction with Eqs. (14) this gives con-
servation law for the electromagnetic energy,
∂tEγ =
∫
dxdy
(
Fa→γγ − [F+γ + F−γ ]z=+∞z=−∞
)
.
To conclude, one can numerically solve Eq. (22) to-
gether with Eqs. (14) and watch the axions burn abun-
dantly.
IV. STATIC COHERENT AXIONS
A. Condition for resonance
For a start, consider the case when the axions in a
finite volume are coherent and do not move. A notable
example of this situation is a static axion star.
Parametric resonance in this setup is presently un-
derstood at the qualitative level [13, 19, 20]. Indeed,
photons passing through the axions stimulate their de-
cays a→ 2γ. The photon flux grows exponentially,
5 If several directions in the transform (11) are essential, a combi-
nation of backreaction terms appears here. If spherical decompo-
sition is used for the isolated axion star, these terms come with
factors r−2 in front, see Appendix A.
5z
c−y
c+x
FIG. 1. Parametric resonance in the axion star.
Fγ ∝ exp{2µ∞t}, and the secondary flux of backward-
moving photons appears. After the original photons es-
cape the region with axions, stimulated decays continue
in the secondary flux moving in the opposite direction,
etc, see Fig. 1. Overall, the back-and-forth motion in-
side the axion cloud accumulates photons at every pass
if Eq. (1) is valid, i.e.
µ∞L = g′m|ψ|L & 1 , (26)
where L is the typical size of the cloud.
Our equations (14) reflect the same physics. Namely,
consider the localized wave packet C−y (t, x) going
through axions in the +z direction. Due to Eq. (14a)
it creates the packet C+x with the opposite group veloc-
ity which, in turn, produces C−y , etc. The photon flux
grows exponentially during this process if unstable modes
with Reµ ≥ 0 are present.
Axion velocities are related to the complex phase of
the field,
vi = m
−1∂i argψ . (27)
In this section we assume that ψ is real up to a constant
phase which can be absorbed into redefinition of c±x in
Eqs. (16). This means that the axions are static and
coherent.
In particular, the phase factor exp{−iωst} of the Bose
star field (8) disappears from the electromagnetic equa-
tions after replacing C±i → C±i e±iωst/2. Then the to-
tal binding energy ωs of axions inside the star does not
destroy the resonance, but slightly shifts its central fre-
quency to
ωγ = (m+ ωs)/2 , (28)
see Eq. (13). Note that misconceptions regarding reso-
nance blocking by gravitational and self-interaction en-
ergies still exist in the literature, e.g. [25].
At real ψ the semiclassical eigenvalue problem (16) has
two types of solutions. First, delocalized modes penetrate
into the asymptotic regions z → ±∞, where ψ = 0 and
c±i ∝ exp(±µz). The exponents µ of these modes are
purely imaginary, or their profiles would be unbounded.
Physically, the delocalized modes represent electromag-
netic waves coming from infinity. Second, there may exist
localized modes satisfying the boundary conditions (17).
They behave well at infinity if Reµ ≥ 0. In addition,
we prove in Appendix B that at real ψ the exponents µ
of these modes are real. The localized modes represent
resonance instabilities.
In practical problems the resonance is not present in
matter from the very beginning but appears in the course
of nonrelativistic evolution. For example, the Bose stars
form in slow galactic [47, 48, 55, 56] or minicluster [37,
43] collapses, or afterwards in kinetic relaxation [42],
then grow kinetically at turtle-slow rates [42, 43, 57].
Their subsequent evolution is also essentially nonrela-
tivistic [58, 59].
At some point of quasi-stationary evolution one of
purely imaginary eigenvalues µ may become real, and
the parametric resonance develops. Let us discuss the
borderline situation when the very first localized mode
has µ = 0. The solution in this case is [27, 28],
c+x = A cosD(z) , c
−
y = −iA sinD(z) , (29)
where A is a constant amplitude and
D(z) = g′m
z∫
−∞
dz′ ψ(z′) . (30)
Integration in Eq. (30) runs along the arbitrary-oriented
z-axis.
The solution (29) satisfies the boundary conditions
(17) if D∞ ≡ D(+∞) = pi/2. At larger values of this in-
tegral the instability mode with positive µ exists. Thus,
a precise condition for the parametric resonance along a
given z-axis is
D∞ ≡ g′m
+∞∫
−∞
ψ(z) dz ≥ pi
2
. (31)
This concretizes the order-of-magnitude estimate (26).
Recall that in our notations ψ = ρ1/2/(mfa), where ρ is
the mass density of axions.
Let us find out when the parametric resonance occurs
in axion stars. In Appendix C we compute D∞ along
the line passing through the star center, see Fig. 1. We
consider two cases. First, if self-interactions of axions
inside the star are negligible, Eq. (31) reads,
Ms ≥Ms, 0 = 7.66 Mpl
mgaγγ
, g4 ≈ 0 , (32)
where we restored gaγγ = 2
3/2g′/fa. This condition is
applicable in the axion-like models with g4 = 0 or at
Ms  Mcr. In these cases heavier stars are better for
the resonance.
Second, if attractive self-interactions are present, the
mass of the axion star is bounded from above, Ms < Mcr.
Using the profile of the critical star in Eq. (31), we obtain
condition
gaγγ > gaγγ, 0 ≡ 0.52 g4
fa
, Ms = Mcr , (33)
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FIG. 2. Masses and couplings of QCD axions needed for
the Bose stars to develop parametric resonance (triangular
shaded region above the solid line). The respective region for
collapsing stars is above the dashed line.
cf. [20, 27]. If this inequality is broken, parametric reso-
nance does not develop in stable axion stars at all.
For the parameters of QCD axion listed in Sec. II,
the inequality (33) gives the shaded region in Fig. 2
marked “resonance.” Notably, the benchmark values [7]
of axion-photon coupling (KSVZ-DFSZ band in Fig. 2)
are short by two orders of magnitude from igniting the
resonance even in the critical star [19, 27][25]. On the
other hand, gaγγ is model dependent, with the only con-
straint gaγγ < f
−1
a coming from strong coupling in simple
models [60, 61]. Thus, even these simple models can sat-
isfy (33) within the trustworthy parameter range. More
elaborated (clockwork-inspired) QCD axion models [62]
do not have these limitations and easily meet (33).
Alternatively, the self-coupling of the axion-like par-
ticles can be arbitrarily small. Condition (32) is then
satisfied just for a sufficiently heavy star.
B. Linear exponential growth
Let us find out how the resonance progresses. One does
not expect it to turn immediately into an exponential
catastrophe with µ ∼ O(L−1), like the infinite-volume
intuition might suggest, cf. Eq. (26). Rather, the electro-
magnetic field starts growing with parametrically small
exponent µ L−1 immediately after the condition (31)
is met by the nonrelativistic evolution of axions. Initial
values for this growth are tiny. They can be provided by
the ambient radiation in astrophysical setup or, univer-
sally, by quantum fluctuations considered in Appendix D.
In any case this initial stage proceeds linearly with no
backreaction on axions.
We compute the growth exponent by solving the eigen-
value problem (16) perturbatively at small µ, like in
quantum mechanics6. To this end we assume that the
background ψ(t, x) did not evolve much from the point
ψ0(x) ≡ ψ(t0, x) when the condition (31) was met, and
the resonance mode is close to the solution (29). Calcu-
lation in Appendix B gives,
µ =
D∞ − pi/2∫
dz sin[2D0(z)]
, (34)
Here D0(z) is evaluated using ψ0(x), a configuration at
the rim of parametric instability, while D∞ uses ψ in
Eq. (31). Note that application of Eq. (34) essentially de-
pends on nonrelativistic mechanism leading to resonance
and providing D∞ − pi/2 = O(ψ − ψ0).
Expression (34) confirms that µ is indeed para-
metrically small and yet, large enough for the adi-
abatic regime (15) to take place. Generically,
ψ − ψ0 ∼ (t1 − t0) ∂tψ, where t1 − t0 ∼ Λ/µ is the time
from ignition of the resonance to the moment t1 when
the backreaction starts; Λ ∼ log[C±(t1)/C±(t0)] ∼ 102 is
a large logarithm. Then the nonrelativistic scaling (12),
(5) and Eq. (34) give µ ∼ λ−1(Λ/mλ)1/2, where we also
recalled that the resonance condition (31) is marginally
satisfied. Thus,
(mλ2)−1  µ λ−1 ,
i.e. the electromagnetic fields evolve faster than the
axion background but slower than the light-crossing
time L−1 ∼ λ−1.
Applying Eq. (34) to the stationary axion star with
g4 ≈ 0, we get
µ = 0.197
m2
M2pl
(Ms −Ms, 0) , (35)
where Appendix C was consulted and Ms, 0 is given in
Eq. (32). Using this expression, one obtains µ ∼ 102 s−1
for7 m = 26µeV [32] and δMs ∼ 10−13M. Thus, dura-
tion of the linear stage in QCD axion stars is one second
or longer.
To confirm the above perturbative results, we nu-
merically solve the system of coupled relativistic equa-
tions (10), (21) for the electromagnetic field and ax-
ions at g4 = 0, see Appendix E for details. Our
simulation starts with the axion star of mass Ms and
tiny electromagnetic amplitudes representing quantum
bath of spontaneous photons. If the mass of the ax-
ion star exceeds Ms, 0, the exponential growth of am-
plitudes starts, see the left part of Fig. 3. The exponent
of this growth coincides with the one given by Eqs. (16)
6 Unlike in quantum mechanics, the operator in Eqs. (16) is sym-
plectic, not Hermitean.
7 Although we use this reference value in all estimates, it is worth
stressing that presently the mass of the dark matter QCD axion
is under debate, cf. [32, 35] and [33].
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FIG. 3. Luminosity Lγ(t) = r
2
∫
dΩnr [E ×H] of axion star
with Ms ≈ 1.04Ms, 0 during parametric resonance. Results
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pared to Eq. (35) (dashed) and numerical solution to the
non-relativistic problem (16) (points). Units are explained
in Appendix C.
(dashed line), and within the expected precision interval
of δµ/µ ∼ (Ms −Ms, 0)/Ms, 0 ∼ 4% — with Eq. (35).
In Fig. 4 we show dependence of the exponent µ on the
axion star mass Ms. First, performing full simulations
with different stars, we extract µ from the exponentially
growing flux. This result is shown by the solid line. In
the limit Ms → Ms, 0 it coincides with Eq. (35) (dashed
line), as it should. Second, solving the nonrelativistic
equations (16) numerically, we obtain points in Fig. 4
which give correct exponent for the arbitrary mass.
C. Glowing axion stars
When the electromagnetic amplitudes in Fig. 3 be-
come large, the backreaction appears, and the resonant
flux immediately starts to fall off. Indeed, backreac-
tion burns axions diluting their density, and Reµ in
Eq. (34) decreases to negative values. At this point a
long-living quasi-stationary level of the electromagnetic
field is formed. Indeed, at small µ < 0 the resonance
mode turns into an exponentially growing at z → ±∞
solution to Eqs. (16),
c+x = Ae
µz cosD(z) , c−y = −iAe−µz sinD(z) , (36)
and this is a correct behavior for the quasi-stationary
wave function [63]. Inserting the late-time axion config-
uration from our full simulation into Eq. (34), we repro-
duce the exponential falloff of the flux, see the dots in
Fig. 3. Thus, the solution (36), (34) remains approxi-
mately valid during the entire evolution, with the only
unknown part related to dilution of axions in Eq. (22).
The backreaction switches on when the last term in
Eq. (22) becomes comparable to the others. Using, in
addition, Eq. (31), we find a condition for the maximal
flux at the linear stage of resonance,
Fγ ∼ m2|C±|2 . ρ
mλ
. (37)
Here λ is the characteristic length scale of axions and and
ρ is their mass density. In dynamical situations Fγ, out
is compared to the axion flux vρ with v ∼ (mλ)−1. No-
tably, Fγ  ρ when the backreaction starts. Figure 3
demonstrates grey region where Eq. (37) is violated.
Let us reconsider the solution (29), (30) with µ = 0, to
describe the regime where the backreaction stops the res-
onance. The amplitudes C±α of this solution are constant
at infinity,
C+x
∣∣
z→−∞ = A , C
−
y
∣∣
z→+∞ = −iA , (38)
see also Eq. (17). Thus, the solution describes stationary
flux of photons F±γ, out = ±m2|A|2 from decaying axions,
where for simplicity here and below we assume equipar-
tition C+y = C
+
x and C
−
x = −C−y .
Computing the flux (24) of produced photons we find
Fa→γγ = 2m2|A|2 = 2|F±γ, out|. This means that the solu-
tion (29) duly brings all energy of decaying axions to in-
finity. Energy conservation law (23) then takes the form,
∂tM = Jin − 2
∫
dxdy |Fγ, out| . (39)
Even if an arbitrary large constant stream Jin of axions
is feeded into the system, the resonance works in the
equilibrium regime with ∂tM = 0 and µ = 0. All arriving
axions in this case are converted into radiation. To break
this situation, one needs a very special mechanism, e.g.
the axion star collapse in Sec. VI C.
8Note that the above stationary situation is stable. In-
deed, perturbing M and Fγ, out away from their equi-
librium values one obtains ∂tδM = −2δFγ, out due to
energy conservation – larger flux decreases the mass.
Besides, Eq. (34) gives ∂tδFγ, out = 2µFγ, out ∝ δM i.e.
smaller mass weakens the flux. Together, these equa-
tions describe harmonic oscillations around the equi-
librium. In the simplest uniform model the frequency
is Ω = gaγγ(Fin/8)
1/2, where Fin = Jin/
∫
dxdy is the
flux of axions arriving into the resonance region. Thus,
the resonant radioflux Fγ, out may pulsate due to axion-
photon oscillations. This effect, however, should be
strongly dumped due to energy dissipation between the
modes of the axion field.
In the particular daydream scenario where the Uni-
verse is full of axion stars reaching the condition (32)
during growth, no spectacular explosion-like radio events
are expected to appear in the sky. Most of the axion
stars would exist in the quasi-stationary regime with
D∞ = pi/2, converting all condensing axions into the ra-
diobackground of frequency ωγ ≈ m/2.
Nevertheless, the latter emission may be observable,
even if the condensation timescale is comparable to the
age of the Universe. To get a feeling of numbers, let us
assume that a grown-up star with D∞ = pi/2 lives 100 pc
away from us. Take m = 26µeV and Ms ∼ 10−13M,
the typical values for the QCD axions. Then the con-
densation rate onto the star is roughly 10−13M per the
Universe age. All of condensing axions will be converted
into radiation in the narrow band around ωγ ∼ 2 GHz.
Even for poor spectral resolution δω/ω ∼ 10−3 one gets
spectral flux of order 10−2 Jy, which is detectable.
When reliable predictions for the abundance of Bose
stars and their growth rates appear, similar calculations
may be used to constrain the respective scenarios.
D. Amplification of ambient radio
Now, we embed the axion stars into astrophysical back-
ground of radiophotons. Namely, suppose an external ra-
diowave of frequency ωγ travels through the underdense
axion medium which is safely away from the resonance.
The wave will stimulate decay of axions, so its flux will be
amplified in a narrow spectral window around ωγ = m/2.
This stationary setup is described by our equa-
tions (16) with µ = i(ωγ −m/2) and new boundary con-
ditions,
c+α
∣∣
z→+∞ = A0 , c
−
α
∣∣
z→−∞ = 0 , (40)
where equipartition is again assumed and A0 is related
to the incoming electromagnetic flux Fγ, in = −m2A20.
To find the height of the spectral line in this case, we
solve equations at ωγ = m/2 (µ = 0). The solution is
given by Eq. (29) with A = A0/ cosD∞. The outgoing
flux is therefore
Fγ, out = Fγ, in/ cos
2D∞ , (41)
see also (31). Thus, at small D∞ the extra flux from
axions is weak, ∆F = D2∞Fγ, in. It grows to infinity,
however, at D∞ → pi/2 when the resonance is about to
appear.
For the critical QCD axion stars with D∞  1,
∆F ≈ pi
2
4
g2aγγ
g2aγγ, 0
Fγ, in ,
cf. Eq. (33). In the benchmark KSVZ model with
gaγγ = 1.92αem/(2pifa) this gives ∆F ≈ 1.3 · 10−4Fγ, in.
Thus, even underdense axion stars in conservative models
shine like tiny dots on the sky giving narrow spectral lines
in excess of smooth astrophysical background, cf. [64].
Let us argue that the Bose stars with D∞  1 are
better radioamplifyers than diffuse axions. The latter
are described by kinetic theory [13, 64] which gives extra
amplification ∆F ∼ g2aγγρLλFγ, in from diffuse cloud of
size L and correlation length λ. We will rederive this
expression in Sec. V using Eqs. (16). At λ ∼ L ∼ Rs it
reproduces small-D∞ result for the axion stars. One finds
that compact objects give larger amplification, indeed.
First, if the total mass M is fixed, the product ρL ∼
M/L2 is larger for smaller L. Second, the wavelengths
λ ∼ 103m−1 of diffuse axions in the Galaxy are much
smaller than the radii of axion stars.
Let Q be the fraction of dark matter in the axion
stars. Stimulated emission from these objects in our
Galaxy is suppressed by the tiny geometric factor R2s/L
2,
where L ∼ kpc, as compared to diffuse axions. How-
ever, multiplying it by the above boost factor, we find
∆Fstars/∆Fdiffuse ∼ QmvRs, where v ∼ 10−3 is the ve-
locity of diffuse axions. For critical QCD axion stars and
m = 26µeV this ratio equals QvMpl/fa ∼ 104Q, so the
stars give larger stimulated flux at Q & 10−4.
Finally, in the scenario with enhanced axion-photon
coupling our Universe may be full of quasi-stationary ax-
ion stars with D∞ . pi/2. A radiowave passing through
one of these objects burns essential fraction of its axions
producing a powerful flash of radio-emission8. This effect
can be used to constrain some arrogant models.
E. Radio-portrait of an axion star
In generic resonating axion cloud there exists one, at
most several directions where the condition (31) is satis-
fied. Parametric emission forms narrow beams pointing
in these directions. But the Bose stars are spherical,
with all diameters giving the same D∞. The question is,
what is the distribution of the resonant flux in angular
harmonics.
In Appendix A we perform spherical decomposition of
the electromagnetic field inside a Bose star. We find the
8 In Eq. (41) we ignored backreaction of photons on axions which
may be relevant in this case.
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same leading-order equations (16) in every angular sector
(l, m′), with dependence on l emerging as an O(mRs)−1
correction to the spatial derivatives
∂z → ∂z + il(l + 1)
mz2
, (42)
where z = ±r, cf. Eq. (18). In fact, even this cor-
rection can be absorbed by the singular redefinition
c±i → c±i exp[il(l + 1)/mr] of the electromagnetic ampli-
tudes. Then the effect of angular quantum number is
parametrically weaker than (mRs)
−1, with leading con-
tribution coming from a small vicinity of r = 0. We con-
clude that spherical modes with essentially different l sat-
isfy almost the same equations inside the star and grow
at close rates µl ≈ µ.
Our numerical simulation confirms this expectation,
see Fig. 5. Namely, the numerical data suggest heuristic
expression9,
µl − µ ≈ −0.034ml(l + 1) Ms
Ms,0
(
mMs
M2pl
)3
, (43)
where µ is approximately given by Eq. (35). Thus, de-
pendence on l is indeed an O(mRs)
−2 correction, see
Appendix C.
Now, it is explicit that all modes with
l . lcutoff ≈ 2.4
(
Ms
Ms, 0
− 1
)1/2 Ms, 0M2pl
mM2s
∼ mRs
grow simultaneously in resonance, see the vertical dot-
ted line10 in Fig. 5. If the instability starts from random
9 We do think that Eq. (43) can be derived perturbatively. How-
ever, this calculation goes beyond the scope of this paper.
10 The line is 30% off because we used Eq. (35) which has accuracy
(Ms −Ms, 0)/Ms, 0 ∼ 0.4. For better precision one has to com-
pute µ in Eqs. (16) numerically and obtain lcutoff from Eq. (43)
at µl ≈ 0.
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FIG. 6. Electromagnetic flux Fγ ≡ nr[E × H] inside the
resonating star from Fig. 5; r0 = M
2
pl/(Msm
2). Interfer-
ence between the waves moving in the +r and −r directions
is clearly seen. The simulation uses random initial data to
mimic quantum fluctuations in the electromagnetic vacuum,
see Appendices D, E for details.
quantum fluctuations, it produces chaotic angular distri-
bution in Fig. 6 with typical angular size l−1cutoff . If the
instability starts due to ambient radiowave, the cutoff
sets typical width of the resonance beam.
F. Two axion stars
Suppose two Bose stars came close to each other with
negligible relative velocity. Together, their profiles may
satisfy the resonance condition even if the individual stars
are far away from it. Then strong and efficient parametric
resonance may develop in this system [20].
We describe this case considering the background
ψ = ψs(x) e
iθs + ψ′s(x) e
iθ′s , (44)
of well separated static Bose stars ψs and ψ
′
s centered at
z = 0 and z = L, respectively. In Eq. (44) we explicitly
introduced complex phases of stars θs and θ
′
s.
Equations (16) can be solved analytically in the limit
when the interstar distance is much larger than their
sizes, L  Rs. In this case µ ∼ O(L)−1 corresponds to
the inverse light-crossing time between the stars. Outside
every star i.e. at z  L and at z  0, we obtain
c+x = A e
µz cosD(z)
c−y = −iA eiθs−µz sinD(z)
}
outside ψ′s, (45)
c+x = A
′ eµ(z−L) sin[D′∞ −D′(z)]
c−y = −iA′ eiθ
′
s−µ(z−L) cos[D′∞ −D′(z)]
}
outside ψs,
where D and D′ are computed using ψs and ψ′s in
Eqs. (30), (31). Indeed, expressions (45) satisfy the
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boundary value problem inside the left and right stars
with O(µ) precision, and both of them give correct solu-
tion between the stars. Gluing c+x and c
−
y in the latter
region, one finds A = A′e−µL sinD′∞/ cosD∞ and
µ =
1
2L
[
iθs − iθ′s + ln
sinD∞ sinD′∞
cosD∞ cosD′+∞
]
, (46)
which confirms that µ ∼ O(L)−1.
Expression (46) deserves discussion. First, the two-
star system hosts parametric resonance if Reµ ≥ 0 or
D∞ + D′∞ ≥ pi/2. This condition reproduces the naive
criterion (31) with ψ → |ψ|. Second, the resonance de-
velops at a very slow rate µ ∼ L−1 which is neverthe-
less much faster than the evolution of ψ if µ  ωs or
mR2s  L.
Third and importantly, left- and right-moving
parametric waves have slightly different frequencies
ωγ = m/2± Imµ, where Imµ = (θs − θ′s)/2L, cf.
Eq. (15). This splitting is a benchmark effect of incoher-
ent axions. Technically, it appears because the phases of
the resonant amplitudes are locally related to the phase
of the axion field,
arg c+x ≈ arg c−y − argψ + pi/2 . (47)
Indeed, all coefficients in Eqs. (16) become real after
substitution c−y → ic−y exp(i argψ) with corrections sup-
pressed by ∂z argψ; hence (47). In the above setup with
two axion stars the shifts of emission frequencies ensure
Eq. (47) inside each star at z ≈ 0 and L.
Notably, one does expect formation of gravitationally
bound groups of Bose stars in the QCD axion cosmology.
Indeed, in the post-inflationary scenario these objects
emerge in the centers of miniclusters which are organized
in chains and hierarchically bound structures [34, 35, 39].
Once several stars within one group align with small rel-
ative velocities v  (mL)−1, condition (31) may be sat-
isfied and the parametric explosion follows. The spread
of the produced spectrum will be δωγ/ωγ ∼ L−1 due to
random phases of the stars, even if their velocities are
negligibly small.
V. DIFFUSE AXIONS
Our eikonal system (16) is a microscopic Maxwell’s
equation in disguise. It is valid for general axion back-
grounds including virialized distributions in the galaxy
cores and axion miniclusters. In the latter cases, how-
ever, kinetic approach is simpler.
In this Section we study parametric radio-amplification
in a cloud of random classical waves representing incoher-
ent or partially coherent axions. We fix correlators
〈ψ〉 = 0 , 〈ψ∗(z)ψ(z′)〉 = ρ C(z − z′)/(mfa)2 , (48)
where ρ is density, C(0) = 1, and the correlation length
is λ =
∫
dy C(y).
axions
F+γ,out
A−, F−γ,in
A+, F+γ,in
F−γ,out
F−γ
F+γ
z
L
(a) (b)
FIG. 7. (a) Radiowaves going through a small region with
axions. (b) Two resonant radiofluxes in a large axion cloud.
Let us coarse-grain Eqs. (16) to a kinetic equation in
the stationary case. To this end we consider two ra-
diowaves with fixed frequency ωγ = m/2 and amplitudes
A± traveling back-to-back through a small axion region
in Fig. 7a. This fixes the boundary conditions,
c+x
∣∣
z→+∞ = A
+ , c−y
∣∣
z→−∞ = A
− , (49)
and the incoming fluxes F±γ, in = ∓m2|A±|2/2.
We assume that by itself, the axion region is too small
to host a resonance. Then the nonrelativistic equa-
tions (16), (49) can be solved perturbatively,
c+x = A
+ [1 +D2,∞ −D2(z)] + iA− [D∗∞ −D∗(z)] ,
c−y = A
− [1 +D∗∞D(z)−D∗2(z)]− iA+D(z) , (50)
where D(z) is given by Eq. (31) and
D2(z) = g
′m
∫ z
−∞
dz′ ψ∗(z′)D(z′) . (51)
We compute the outgoing fluxes by performing ensemble
average via Eq. (48),
F+γ, out = −
m2
2
〈|c+x |2〉z→−∞, F−γ, out =
m2
2
〈|c−y |2〉z→+∞.
The solution (50) gives,
F±γ, out = F
±
γ, in(1 + µ
′
∞L)− µ′∞LF∓γ, in . (52)
Here L is the size of the axion region and
µ′∞ = 〈|D∞|2〉/L is the naive growth exponent in the in-
finite axion gas. The latter parameter is explicitly com-
puted by assuming that the region is macroscopic, L λ,
and yet, small at the scales of ρ,
µ′∞ = g
2
aγγρλ/8 , (53)
where we restored the physical coupling gaγγ .
Now, consider large axion cloud. We divide into small
regions of width L, see Fig. 7b. Since equation (52) is
valid in every region, we find,
∂zF
±
γ = µ
′
∞(z)(F
−
γ − F+γ ) , (54)
11
where F±γ (z) are the fluxes F
±
γ, in ≈ F±γ, out at the macro-
scopic position z.
Recalling that F+γ and F
−
γ travel in −z and +z di-
rections, respectively, one restores the time derivative in
Eq. (55) by changing
∂zF
± → (∂z ∓ ∂t)F± . (55)
After that our kinetic equation coincides with the one in
Refs. [13, 64] if one trades the correlation length λ(z) in
Eq. (53) for the axion velocity v ∼ (mλ)−1 or spectral
width of radiowaves δωγ ∼ λ−1.
Solving Eq. (54) in the stationary case, we find,
F−γ (z) = F
+
γ (z) + F0 = F0
z∫
−∞
µ′∞(z
′) dz′ , (56)
where F0 is the integration constant. Note that this solu-
tion does not indicate exponential growth of fluxes, unlike
the time-dependent solutions of Eqs. (54), (55) behaving
like F±γ ∝ exp(µ′∞t) in the infinite medium.
Nevertheless, one can use Eq. (56) for waves with
ωγ = m/2 (µ = 0) in two important respects. First,
µ = 0 when the resonance is about to appear. In this case
the ambient fluxes are absent: F+γ (+∞) = F−γ (−∞) = 0,
cf. Eq. (17). The solution (56) satisfies this criterion only
at D∞, diff = 1, i.e. at the boundary of the region
D∞, diff ≡
g2aγγ
8
∫ +∞
−∞
ρ(z)λ(z) dz ≥ 1 . (57)
This inequality gives precise condition for the parametric
resonance in diffuse axions, cf. Eq. (31).
Second, even far away from the parametric instabil-
ity Eq. (56) predicts amplification of ambient radioflux
Fγ, in = F
+(+∞) due to decay of axions,
Fγ, out = Fγ, in /(1−D∞, diff) ,
where Fγ, out = F
+(−∞), cf. Sec. IV D.
VI. MOVING AXIONS
A. Doppler shifts and new resonance condition
We just saw that motion of diffuse axions decreases
their correlation length λ ∼ (mv)−1 and hence suppresses
the resonance, cf. Eq. (57). In this Section we study the
effect of moving coherent axions.
Let us rewrite the system (16) in terms of physical pa-
rameters: axion velocity vi(t, x) in Eq. (27), and density
ρ(t, x) = m2f2a |ψ|2. To this end we change variables,
c+x = c˜
+
x e
−iargψ/2 , c−y = c˜
−
y e
iargψ/2 . (58)
Eikonal equations take the form,
(2µ+ im vz) c˜
+
x = 2∂z c˜
+
x + igaγγ(ρ/2)
1/2 c˜−y , (59a)
(2µ+ im vz) c˜
−
y = −2∂z c˜−y − igaγγ(ρ/2)1/2 c˜+x . (59b)
z
z ≈ 0 z ≈ L
v −v
ψ1 ψ2
FIG. 8. Two moving Bose stars.
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FIG. 9. Condition for parametric resonance in two moving
axion stars (top panel) and respective Doppler shift µ′ = Imµ
(bottom panel).
Note that only a projection vz of the axion velocity to
the resonance axis matters.
If vz is constant, one can eliminate it from Eqs. (59)
by changing µ → µ − imvz/2. This is the Doppler shift
of frequencies ωγ = m/2± Imµ for the left- and right-
moving waves in Eq. (13). Apart from that, constant
velocities do not affect the resonance at all. Indeed, one
can always transform to the rest frame of axions.
The situation changes if some parts of the axion mat-
ter move with respect to others: vz = vz(z). Then the
axions decaying in various parts produce photons with
different frequencies, and this kills Bose amplification of
induced decays. Thus, relative velocities are the main
show-stoppers for the parametric resonance.
In the next Section we will demonstrate that only the
coherent regions with relative velocities
v . (mR)−1 , (60)
can be simultaneously in resonance, where R is the size of
these regions. The above expression is natural. Indeed,
R−1 is the momentum spread in the resonance mode.
If the Doppler shift mv is larger, photons produced in
different regions are out of resonance.
B. Two moving axion stars
To get a qualitative understanding of relative veloc-
ities, we consider two identical Bose stars approaching
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each other at a nonrelativistic constant speed v,
ψ = ψ1(z) e
imvz + ψ2(z) e
−imv(z−L) ,
see Fig. 8. For simplicity we will assume that ψ1 and ψ2
are equal to a constant ψ0 in the regions 0 < z < 2Rs
and L < z < L+ 2Rs, and they are zero outside. We are
going to find out whether this configuration develops a
resonance before the merger i.e. when the profiles of the
stars still do not overlap.
We compute the resonant mode by solving Eqs. (59) in
the regions of constant ρ, vz and gluing the original am-
plitudes c±x,y at z = 2Rs and z = L. Then the boundary
conditions (17) give equation for the growth exponent µ.
At the border of resonance µ = iµ′ becomes imaginary
and the equation simplifies,
tan2(2κ−Rs)tan2(2κ+Rs) =
[
1 +
(2µ′ −mv)2
m2v20 cos
2(2κ−Rs)
]
×
[
1 +
(2µ′ +mv)2
m2v20 cos
2(2κ+Rs)
]
. (61)
Here we introduced the relevant velocity scale v0 = 2g
′ψ0
and notations 4κ2± = m
2v20 + (2µ
′ ±mv)2.
At a very naive level, one may use |ψ| instead of
ψ in Eq. (31). Then the resonance is expected at
D∞ ≡ 4g′mψ0Rs ≥ pi/2, where D∞ sums up contribu-
tions from both stars. In truth, the solution of Eq. (61)
exists only in the shaded region in Fig. 9 (top panel). The
Doppler shift µ′ = µ′(v) at the boundary of this region
is plotted in the bottom panel.
One observes sharp first-order phase transition at
v ≈ v0 between the two resonance regimes, see the verti-
cal dashed line in Fig. 9. At v < v0 the Doppler shift is
absent, Imµ = 0, although the stars have nonzero veloc-
ities. Besides, the naive resonance condition D∞ ≥ pi/2
is approximately valid indicating that the instability de-
velops simultaneously in both stars. To the contrary,
at v > v0 two individual stars host their own reso-
nances, with little help from each other. In this case
the Doppler shift is Imµ ≈ mv/2 and the resonance
condition D∞/2 > pi/2 coincides with that for one star.
We conclude that the two-star resonance occurs only at
v ≤ v0 or Eq. (60).
Note that the phase transition in Fig. 9 can be un-
derstood analytically. At large relative velocities v  v0
at least one of the two brackets in the right-hand side of
Eq. (61) should be small, so the solutions are µ′ ≈ ±mv/2
and 2κ±Rs ≈ D∞/2 ≈ pi/2. This corresponds to reso-
nance in individual stars. At v . v0 Eq. (61) with µ′ = 0
takes the form
cos(4κ±Rs) = −v2/v20 ,
where κ± = m(v20 + v
2)1/2/2. At v  v0 we obtain
D∞ = pi/2, — a condition for the two-star resonance.
At v > v0 the above equation in the case µ
′ = 0 does not
have solutions.
(a) (b)
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(b) Universal self-similar attractor.
C. Collapsing stars
Now, consider collapse of a critical axion star,
Ms = Mcr, caused by the attractive self-interaction of
axions. During this process the axions fall into the star
center acquiring velocities and making the density grow,
see Fig. 10a. These two effects suppress the resonance
and support it, respectively.
We are going to study the resonance at the first stage
of the collapse when the infalling axions are still nonrel-
ativistic and their field is weak, |ψ|  1. In this case the
Schro¨dinger-Poisson system (6), (7) for axions is appli-
cable, whereas the electromagnetic field is described by
Eqs. (16).
To find out how the parametric instability progresses,
we numerically solve the boundary value problem (16)
in the background ψ(t, r) of the collapsing star at every
t. We characterize the stage of collapse with the radius
r = rc(t) where the axion field drops by a factor of two
from its value in the center: |ψ(t, rc(t))| = |ψ(t, 0)|/2.
We will see that the region r . rc is important for the
resonance despite the fact that rc(t) decreases by orders
of magnitude during collapse. Shaded region Fig. 11a
covers couplings gaγγ required for the resonant solutions
of Eqs. (16) to exist at time rc(t). At the lower boundary
of this region Reµ = 0; the respective Doppler shifts Imµ
are presented in Fig. 11b.
Since the star is spherically-symmetric, ψ(z) = ψ(−z),
13
1
102
10−4 10−3 10−2 10−1
time
0.3
0.4
±
Im
µ
·r
0
rc(t)/r0
(b)
g a
γ
γ
·(
f a
/
g 4
)
resonance
(a)
g a
γ
γ
·(
f a
/
g 4
)
Eq. (65)
FIG. 11. (a) Electromagnetic coupling gaγγ required for para-
metric resonance in collapsing critical star at the moment
when its core radius is rc(t). (b) Doppler shifts ±Imµ at the
moment of ignition. Unit of length is r0 = g4Mpl/(mfa).
the photon modes with complex exponents µ ap-
pear in conjugate pairs. Indeed, for every solution
{c+x (z), c−y (z)} of Eqs. (16) with eigenvalue µ, there ex-
ists a solution {[c−y (−z)]∗, [c+x (−z)]∗} with eigenvalue µ∗.
Physically, this means that for every axion there exists
a diametrically opposite axion with the opposite velocity
giving Doppler shift −Imµ. Two signs in the ordinate
label of Fig. 11 represent these two solutions.
In Fig. 11 we again see the first-order phase transition
(vertical dashed line) described in Sec. VI B. Indeed, if
the resonance appears immediately after the collapse be-
gins (large rc), it involves all slowly-moving axions and
develops with Imµ = 0. At later stages of collapse
(smaller rc) the resonance can be supported only by fast
axions in the dense star core, hence the Doppler shift
Imµ 6= 0. Importantly and unlike in the previous Sec-
tion, the stage with fast axions is better for resonance,
as it can occur at smaller couplings, cf. Figs. 11a and 9.
We therefore consider resonance in the central core of
a collapsing star. It was shown [49, 51] that evolution of
the axion field in this region is described by the universal
self-similar attractor,
ψ(t, r) =
(−mt)−iω∗
mrg4
χ∗ (ζ) , ζ = r
√
−m/t , (62)
where t < 0, ω∗ ≈ 0.54 and the function χ∗(ζ) is pre-
sented in Fig. 10b. The core size rc(t) ≈ 1.5 (−t/m)1/2
shrinks from the macroscopic values rc ∼ Rs to m−1 dur-
ing self-similar stage. Without the parametric resonance
into photons, relativistic corrections become relevant [51]
at the end of this stage t & −m−1. Simultaneously, the
weak–field approximation gets broken and higher-order
terms of the axion potential (3) become essential. Be-
low we concentrate on the situations when the resonance
starts at the nonrelativistic stage t −m−1.
−20 −10 0 10 20
e−ζ Re µ˜eζ Re µ˜
ζ
|c+x | |c−y |
rc−rc
FIG. 12. Resonance mode in the collapsing star; functions
c+x (ζ) and c
−
y (ζ) are not symmetric to each other. We use self-
similar coordinate ζ and gaγγ = 0.37 g4/fa. The respective
eigenvalue is µ˜ ≈ 0.065 + 0.025 i.
Substituting Eq. (62) into the spectral problem (16)
and changing variables c± = (−mt)±iω∗/2 c˜±(ζ), we ar-
rive to time-independent spectral problem
µ˜c˜+x = ∂ζ c˜
+
x +
ig′
g4
[χ∗(ζ)]∗
ζ
c˜−y , (63a)
µ˜c˜−y = −∂ζ c˜−y −
ig′
g4
χ∗(ζ)
ζ
c˜+x , (63b)
which involves only one combination of parameters g′/g4.
We also introduced
µ = µ˜
√
−m/t , (64)
where the spectral parameter µ˜ does not depend on time.
We extend the above equations to the full star diameter
−∞ < ζ < +∞ with χ∗(−ζ) = −χ∗(ζ), as explained in
Appendix A.
We numerically solve Eqs. (63) with boundary con-
ditions (17); the exemplary solution at g′/g4 ≈ 0.13
is shown in Fig. 12. Notably, the nontrivial part of
this solution has width corresponding to rc(t) (vertical
lines in Fig. 12). Beyond this part |c±i | freely decay as
exp{−|ζ|Re µ˜}. Thus, the resonance mode shrinks on
par with the collapsing star.
Numerical solutions of Eqs. (63), exist only at
gaγγ ≥ 0.25 g4
fa
. (65)
This is a general condition to ignite parametric instabil-
ity in collapsing stars. It reproduces minimal coupling
required for the resonance in Fig. 11 (horizontal dashed
line). Also, it is twice weaker than the condition for crit-
ical stars before collapse, cf. Eq. (33). For QCD axions,
the region (65) is above the dashed line in Fig. 2.
If the above inequality is met, the resonance progresses
with two complex time-dependent exponents µ and µ∗
in Eq. (64), where ±Imµ are the Doppler shifts. The
respective eigenvalues µ˜ are plotted in Fig. 13. Impor-
tantly, the time dependence of µ does not stop the res-
onance. Indeed, we already argued that the respective
mode behaves like a localized level in quantum mechan-
ics. Slow variations of external background do not change
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FIG. 13. Rescaled growth exponents µ˜ in the collapsing star.
1
105
1010
−4.4 −4.2 −4 −3.8
L
γ
(t
)/
L
γ
(t
0
)
mt · 108 · (fa/g4Mpl)2
L
γ
(t
)/
L
γ
(t
0
)
Eqs. (16) and (67)
Eqs. (64) and (67)
FIG. 14. Luminosity (67) of parametric emission from the
collapsing star in Fig. 10a at gaγγ = 0.33 g4/fa, b = 0.9, and
ϕ0 = 0. Self-similar result (64) (dashed line) is compared to
the direct solution of Eqs. (16) (points).
occupation of this level if the adiabatic condition is sat-
isfied,
∂tµ
µ2
∼ (−mt)−1/2  1 . (66)
Thus, the electromagnetic field sits on two quasi-
stationary resonance levels,
C±α = Ac
±
α (t, z) e
∫ t
t0
dt µ ±A′ αβ [c∓β (t, −z)]∗ e
∫ t
t0
dt µ∗
,
at least until the backreaction ruins the self-similar back-
ground.
The axion star radio-luminosity follows from the above
representation. Interestingly, it oscillates in time due to
interference between the modes,
Lγ ∝ e2Re
∫ t
t0
µ dt
[
1 + b cos
(
2Im
∫ t
t0
µdt+ ϕ0
)]
, (67)
where b and ϕ0 depend on the initial amplitudes A, A
′,
with b = 1 representing equipartition. In Fig. 14 we il-
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FIG. 15. Luminosity Lγ(t) of critical collapsing star during
parametric resonance; gaγγ = 0.33 g4/fa. Full numerical sim-
ulation (solid line) is compared to the solution of Eqs. (16)
(points). We use universal units from Appendix C; in partic-
ular, ψ20 = 10
3 (fa/g
2
4Mpl)
2.
lustrate11 these oscillations at b = 0.9, ϕ0 = 0. Dashed
line in this figure represents self-similar formula with∫
µdt = −2µ˜(−mt)1/2. It coincides with the direct re-
sult (points) obtained by solving Eqs. (16) for µ(t) nu-
merically in the background of a collapsing star and then
using Eq. (67). This supports our analytic solution in
Eq. (64).
To test the above picture of parametric resonance dur-
ing collapse, we simulate the coupled system of rela-
tivistic equations (10), (21) for photons and axions, see
Fig. 15, movie [65], and Appendix E for details. We
find that at first, the star squeezes with no effect on the
electromagnetic field. But once the localized solution of
Eqs. (16) appears, growth and oscillations of the lumi-
nosity begin (solid line in Fig. 15). The exact result is
reproduced by Eq. (67) (points), where µ(t) is obtained
by solving the boundary value problem (16) and b, φ0 are
obtained from the fit.
It is worth reminding that Eq. (67) is applicable only
for nonrelativistic stars deep in the self-similar regime.
This is possible only at very large values of mRs which
are hard to achieve in relativistic simulations. In par-
ticular, the value of µ in Eq. (64) is by a factor of two
different from the simulation in Fig. 15.
We finish this Section with a mystery. Figure 15
demonstrates that once the inequality (37) is broken
(shaded region), the backreaction ruins self-similar dy-
namics. Indeed, the axion field12 does not behave any-
more as |ψ(t, 0)|−2 ∝ −t, like Eq. (62) suggests. Never-
theless, the luminosity continues to grow and saturates
11 For simplicity we ignore time dependence of the resonance wave
functions.
12 In relativistic simulation |ψ| ≡ |∂ta−ima|/(fam
√
2), see Eq. (4).
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only deep inside the backreaction region. We will inves-
tigate this nonlinear regime in the forthcoming publica-
tion [66].
For QCD axions, the saturated luminosity in Fig. 15 is,
Lγ = 1.5 · 1041
(
m
26µeV
)−3
erg · s−1 , (68)
while the corresponding flux strongly depends on direc-
tion, see Fig. 6. Notably, this is close to the parameters
of Fast Radio Bursts, LFRB = 10
38 − 1040 erg · s−1.
VII. DISCUSSION
In this paper we have found that the finite-
volume parametric resonance is described by the
quasi-stationary Schro¨dinger-like system (16) with non-
Hermitean “Hamiltonian.” That is where the fun has be-
gun! Photon instability modes became localized states,
and their growth exponents Reµ > 0 — eigenvalues of
the “Hamiltonian.” The condition for the resonance
then indicates whether the localized states exist. Us-
ing this technique, we computed the resonance condition
for the isolated Bose stars, collapsing and moving stars,
their groups, and diffuse axions. We argued that axions
with relative velocities exceeding a certain value of order
(mR)−1, are sharply out of resonance, where R is the
system size.
With help of quantum-mechanical perturbation the-
ory, we analytically computed the instability modes and
growth exponents in the physically motivated case of slow
resonance, µR  1. Interestingly, our theory predicts
a long-living quasi-stationary photon mode with small
negative decay exponent Reµ < 0 after the resonance
switches off, and we see this mode in simulations.
We have found two unexpected applications of our
method. First, it describes stimulated emission of am-
bient radiation in axion stars. We observed that these
objects can realistically give larger contribution to the
radiobackground than the diffuse axions, producing a
thin spectral line at ωγ ≈ m/2. Second, with additional
coarse-graining our approach reproduces well-known ki-
netic equation for photons interacting with virialized ax-
ions.
A warning is in order: our technique is applicable only
in the case of nonrelativitic axions at high occupation
numbers. These approximations may break down only
under extreme conditions, say, in the strong gravitational
field of a black hole or a neutron star, or at very late
stages of Bose star collapse. That is why our method
should work in vast majority of astrophysical settings
with dark matter axions, and we expect that truly cool
applications are still ahead. Besides, astrophysics offers
an impressive set of situations where the resonance con-
dition can be satisfied, and the ones with the largest
D∞ are of primary interest. Using our method, one
can study parametric instability in superradiant axion
clouds near rotating black holes [46], or in tidally elon-
gated axion stars falling onto the neutron stars [19], or
in groups of gravitationally bound Bose stars [20]. In
all these cases an observable radio-flash can appear, con-
straining the axion models or even explaining Fast Ra-
dio Bursts [52]. On the calmer side, objects at the rim
of parametric resonance can give large contributions into
the radiobackground possibly explaining ARCADE 2 [67]
and EDGES [68] anomalies.
Technically, we completely disregarded potentially im-
portant light-bending and divergence effects of the res-
onance rays, cf. [53, 54], as well as phenomena of as-
trophysical plasma. These certainly deserve a separate
study.
We explicitly saw that gravitational and self-
interaction energies of axions inside the star trivially shift
the photon frequencies without affecting the resonance.
We do not expect these effects to be important in other
situations as well. In particular, the distribution function
of virialized axions in the galaxy depends on their total
energy E, not kinetic or potential. The photon of fre-
quency ωγ ≈ E/2 will stay in resonance with same part
of the ensemble in different parts of the galaxy [13, 17].
Thus, the main show-stoppers for the parametric insta-
bilities are the Doppler shifts and backreaction effects.
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Appendix A: Spherically-symmetric case
In the background of a spherical axion star with
ψ = ψ(t, r) it is natural to decompose the electromag-
netic field A = {Ai} into spherical harmonics,
A =
∑
lm′
(
Alm
′
Y Y lm′ +A
lm′
Ψ Ψlm′ +A
lm′
Φ Φlm′
)
(A1)
where we use the gauge A0 = 0, spherical vectors
Y lm′ = xYlm′/r, Ψlm′ = r∇Ylm′ , Φlm′ = [∇× x]Ylm′ ,
and denote the standard spherical functions by
Ylm′(θ, φ). Below we omit the superscripts lm
′ for
brevity.
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The coefficients of decomposition AY,Ψ,Φ(t, r) depend
only on time t and radial coordinate r. Substituting
Eq. (A1) into the Maxwell’s equation (10), one finds the
Gauss law
AΨ =
∂r(r
2AY )
r l(l + 1)
(A2)
and two dynamical equations
r2∂2tAY = ∂
2
r (r
2AY )− l(l + 1)AY (A3a)
− gaγγ l(l + 1)(∂ta) rAΦ ,
r∂2tAΦ = ∂
2
r (rAΦ)− l(l + 1)AΦ/r (A3b)
− gaγγ∂ta
[
AY − ∂
2
r (r
2AY )
l(l + 1)
]
,
where we omitted terms with ∂ra because they are sup-
pressed by extra powers of (mr)−1 and will not contribute
into equations for C’s.
We finally introduce the eikonal ansatz,
(mr)2AY = 2il(l + 1)
{
C+Y e
im(r+t)/2 (A4)
+C−Y e
im(r−t)/2
}
+ h.c. ,
mr AΦ = C
+
Φ e
im(r+t)/2 + C−Φ e
im(r−t)/2 + h.c.
Using it in the above equations and omitting the (mr)−1
suppressed contributions, we find eikonal equations (14)
at z = r > 0 for the unknowns (C+Y , C
−
Φ ) in place
of (C+x , C
−
y ), with the additional term (42) represent-
ing derivatives with respect to the spherical angles:
∆θφ = −l(l + 1). The pair (C+Φ , −C−Y ) satisfies the same
equations.
There are two subtleties in the spherically-symmetric
case. First, the transverse polarizations AΦ and
AΨ ∝ rAY are proportional to r−1, see Eqs. (A2),
(A4). This introduces r−2 falloff of the electro-
magnetic flux Fγ, out at infinity and additional fac-
tors l(l + 1)/(4pim2r2) in the backreaction terms of
Eqs. (22), (24).
Second, proper boundary conditions should be im-
posed at r = 0. Solving Eqs. (A3) to the leading
order at r  Rs, we find that AΦ and rAY are
linear combinations of the Bessel spherical functions
jl(mr/2) exp{±imt/2}. The mr  1 asymptotics of the
latter give boundary conditions
C+Y = (−1)l (C−Y )∗ , C+Φ = (−1)l+1 (C−Φ )∗
at r = 0.
Importantly, there is no need to solve Eqs. (14) on
the half-line z = r > 0. Instead, we extend C±α to
another half-line using C+x (z) = (−1)l [C−Y (−z)]∗ and
C−y (z) = (−1)l+1 [C+Φ (−z)]∗ at z = −r < 0. After that
C+x and C
−
y satisfy Eqs. (14) along the entire star diam-
eter −∞ < z < +∞, and the boundary conditions at
r = 0.
Appendix B: The spectrum of a symplectic operator
Consider the eigenvalue problem (16) at real ψ. We
denote the 2× 2 operator in its right-hand side by
Lˆ =
(
∂z ig
′mψ
−ig′mψ −∂z
)
. (B1)
One can explicitly check that this operator is symplectic,
i.e. satisfies
ΩˆLˆ = Lˆ†Ωˆ, where Ωˆ =
(
0 −i
i 0
)
(B2)
is a symplectic form.
Now, suppose |ξ〉 = (c+x , c−y )T is the eigenmode of Lˆ
satisfying the resonance boundary conditions (17). In
this case the scalar product
〈ξ|Ωˆ|ξ〉 = i
∫
dz
(
c−∗y c
+
x − c+∗x c−y
)
(B3)
converges; below we fix normalization 〈ξ|Ωˆ|ξ〉 = 1. Then
µ∗ = 〈ξ|ΩˆLˆ|ξ〉† = 〈ξ|Lˆ†Ωˆ|ξ〉† = µ , (B4)
where in the last equality we used Eq. (B2). Thus, the
localized resonance modes of Lˆ satisfying (17) have real
µ.
Note that the eigenmodes of Lˆ with different eigenval-
ues are orthogonal to each other in the sense of the scalar
product (B3). Indeed, repeating the computation (B4)
for eigenvectors |ξ1〉 and |ξ2〉 with exponents µ1 and µ2,
we find
µ∗2 〈ξ1|Ωˆ|ξ2〉† = µ1 〈ξ1|Ωˆ|ξ2〉† , (B5)
which proves 〈ξ1|Ωˆ|ξ2〉 = 0. Moreover, one can argue
that the set of Lˆ eigenmodes — the resonance ones and
the ones from the continuum spectrum — forms complete
basis in the space of bounded functions c+x and c
−
y .
With the above definitions we can develop a pertur-
bation theory for the spectrum of Lˆ. Indeed, suppose
at ψ = ψ0(z) the operator Lˆ = Lˆ0 has a normalized
eigenmode |ξ0〉 with zero eigenvalue, Lˆ0|ξ0〉 = 0. At
slightly different ψ = ψ0(z) + δψ(z) this operator re-
ceives variation δLˆ = −g′mδψ Ωˆ. In this case its reso-
nance eigenmode |ξ〉 = |ξ0〉+ |δξ〉 is close to |ξ0〉, and the
respective eigenvalue µ is small. The eigenvalue problem
Lˆ|ξ〉 = µ|ξ〉 takes the form,
δLˆ|ξ0〉+ Lˆ0|δξ〉 = µ|ξ0〉 , (B6)
where we ignored quadratic terms in perturbations. The
scalar product with |ξ0〉 gives,
µ =
〈ξ0|ΩˆδLˆ|ξ0〉
〈ξ0|Ωˆ|ξ0〉
= −g′m 〈ξ0|δψ|ξ0〉〈ξ0|Ωˆ|ξ0〉
(B7)
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Using explicit solution (29) for ξ0, we finally obtain
µ = g′m
∫
dz [ψ(t, x)− ψ0(x)]∫
dz sin(2D0)
. (B8)
With (31) this expression reproduces Eq. (34) from the
main text.
Appendix C: Scaling symmetry
We calculate parameters of Bose stars using scaling
symmetry of the Schro¨dinger-Poisson system (6), (7).
Consider first the model without self-coupling, g4 = 0.
One finds that change of variables
x = λ x˜ , t = mλ2 t˜ , (C1a)
Φ =
Φ˜
(mλ)2
, ψ =
Mpl ψ˜
m2λ2fa
(C1b)
with arbitrary λ removes all constants from the equa-
tions. This scaling allows us to map the model with
arbitrary parameters to a reference one with ψ˜(0) = 1.
We perform numerical calculations in tilded variables and
then scale back to physical. Parameter λ disappears in
final answers, if one expresses it via the chosen Bose star
characteristics, e.g. its mass,
Ms = m
2f2a
∫
d3x |ψs|2 = M˜s
M2pl
λm2
, (C2)
where M˜s ≈ 3.9 is computed numerically. Similarly, the
parameter (31) equals,
D∞ ≈ 0.80 gaγγ Mpl
λm
. (C3)
Using this approach, we obtain Eqs. (32), (35).
In models with g4 6= 0 the self-interaction can be ig-
nored at M  Mcr, see Eq. (9), and we are back to the
above situation. Stars with M ≥ Mcr are unstable. In
the main text we mostly consider the critical star with
M = Mcr. In this case one excludes all parameters from
the equations using Eqs. (C1) with λ = g4Mpl/mfa, com-
putes the critical star numerically, and then restores the
physical parameters. The integral (31) in this case equals
D∞ ≈ 3.04 gaγγfa
g4
(C4)
implying (33). These “self-interaction” units are ex-
ploited in Figs. 10, 11, 14, 15.
Finally, if self-coupling is negligible but backreaction of
photons on axions is relevant, all constants can be elim-
inated from Eqs. (16), (22), (7) using Eqs. (C1), C±α =
C˜±α (Mpl/gaγγ)
1/2(mλ)−2, µ = µ˜/λ, and λ = gaγγMpl/m.
We perform this rescaling to plot universal quantities in
Figs. 3, 4, and 15.
Appendix D: Initial conditions
In real astrophysical settings the axion stars are em-
bedded into the background of classical radiowaves which
can give a good initial kick to the parametric instability,
cf. Sec. IV D. But this mechanism essentially depends on
the environment, so outside of Sec. IV D we assume quan-
tum start, i.e. the resonance set off by the spontaneous
decays of axions inside the isolated star.
Detailed study of quantum evolution is beyond the
scope of this paper, so we use a shortcut. Namely, the
flux Fγ ∼ |E|2 ∼ |H|2 of spontaneous photons can be
estimated from energy conservation,
∂tMs = −ΓaγγMs = −4pir2Fγ , (D1)
where we assumed spherical Bose star and introduced
the axion decay width Γaγγ = g
2
aγγm
3/64pi. This gives
typical amplitudes
|E| ∼ |H| ∼ 1
Rs
(
MsΓaγγ
4pi
)1/2
(D2)
of spontaneous emission.
It is worth reminding that the exponential growth of
the resonance mode washes out all details of initial quan-
tum evolution, with just one logarithmically sensitive pa-
rameter surviving: the time of growth. That is why the
above order-of-magnitude description is adequate.
In numerical simulation of Appendix E we mimic the
quantum bath of spontaneous photons using a stochas-
tic ensemble of random classical waves with ampli-
tudes (D2). This is required only in dynamical situations
such as the axion star collapse in Sec. VI C.
Appendix E: Full relativistic simulation
We test the theory by numerically evolving the equa-
tions (10) and (21) for the electromagnetic and axion
fields. In computations we consider only spherically sym-
metric axion backgrounds, a = a(t, r). This is justified
at the linear stages of parametric resonance and should
be valid at least13 qualitatively during backreaction. To
make Eq. (21) self-consistent, we average its right-hand
side over spherical angles: Fµν F˜µν →
∫
dΩFµν F˜µν/4pi.
We decompose electric and magnetic fields Ei = F0i and
Hi = −ijkFjk/2 in spherical harmonics Y lm′ , Ψlm′ ,
and Φlm′ introduced in Appendix A. With the cutoff
l ≤ lmax, we find 6lmax(lmax + 2) + 1 equations14 for the
13 The backreaction stage in the central part of Fig. 3 is short, and
related asphericities should be small. Self-similar evolution in
Fig. 15 tracks spherically-symmetric attractor which suppresses
axion modes with nonzero l.
14 Note that l = 0 components of E and H are absent.
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same number of unknowns EY,Ψ,Φlm′ (t, r), H
Y,Ψ,Φ
lm′ (t, r),
and a(t, r).
As usual, the longitudinal number m′ does not explic-
itly appear in equations for the spherical components of
E and H. We therefore leave only one component at ev-
ery l multiplying its contribution in the right-hand side
of Eq. (21) by (2l + 1). Now, the number of equations is
6lmax − 5.
In practice our numerical results are insensitive to
lmax: the photon modes evolve independently at the lin-
ear stage, while backreaction simply equidistributes en-
ergy over them15. We therefore perform simulations in
Figs. 3, 4, 15 with lmax = 1 and use lmax = 210 with step
∆l = 4 to find the angular structure of the resonance in
Sec. IV E. We restore three-dimensional electromagnetic
fields during linear evolution multiplying the spherical
components with their harmonics, e.g.
E =
∑
lm′
EΨl (t, r) elm′ Ψlm′(θ, φ) + . . . .
where the dots hide other polarizations and independent
random numbers elm′ mimic quantum distribution of the
initial resonance amplitudes over the longitudinal num-
ber m′, see Appendix D.
To hold the axions together during resonance, we add
interaction with the gravitational potential by changing
V ′ → (1 + 2Φ)V ′ in Eq. (21). This approximation is
trustworthy if the gravitational field is mostly sourced
by the nonrelativistic axions.
Since our simulations check nonrelativistic the-
ory, we perform them only for small-velocity ax-
ions. In physical units, parameters of these sim-
ulations correspond to m = 26µeV, g4 = 0.59
or 0, with other parameters ranging in wide intervals
f2a = (10
−11 ÷ 10−8)M2pl, gaγγ = (0.15÷ 0.4) f−1a , and
Ms = (10
−11 ÷ 10−8)M. This indeed corresponds to
small nonrelativistic parameter (mRs)
−1 = 10−3÷ 10−6.
Note that in universal units of Figs. 3, 4, 5, 6, 15 the
results of our simulations look the same at essentially
different parameters.
We store a(t, r), Φ(t, r), and the components of E,
H on a uniform radial lattice with ∆r = 1.3/m, us-
ing Fourier transform to compute their r-derivatives
in Eqs. (10), (21), (7). Time evolution is then per-
formed with the fourth-order Runge-Kutta integrator
with ∆t = 0.025/m. Equation (7) is solved at each step.
In our calculations the total energy is conserved at the
level of 10−8.
In the beginning of simulation we evolve the axion
field alone, checking Eqs. (16) for the resonance mode
(Reµ > 0) to appear. Once it is there16, we randomly
populate the Fourier modes of the electromagnetic field
in the narrow frequency band ωγ ≈ m/2, with typical
amplitude (D2) in the r-space. This sets off the reso-
nance making E and H grow.
We absorb the electromagnetic emission by introducing
the “Hubble” friction at the lattice boundary r > r1. The
outgoing luminosity Lγ = r
2
∫
dΩnr[E×H] is measured
at r = r1.
In Figs. 10 and 14 we use the code of Ref. [51] to
evolve the Schro¨dinger-Poisson equations (6), (7) for ax-
ions. Backreaction of photons on axions is not taken into
account in these calculations.
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